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X 



We twist the Hopf algebra of igl{n, R) to obtain the K-deformed spacetime coordinates. Coprod- 
ucts of the twisted Hopf algebras are explicitly given. The K-deformed spacetime obtained this 
way satisfies the same commutation relation as that of the conventional K-Minkowski spacetime, 
but its Hopf algebra structure is different from the well known K-deformed Poincare algebra in 
that it has larger symmetry algebra than the K-Minkowski case. There are some physical mod- 
els which consider this symmetry [4^ . |44| |. Incidentally, we obtain the canonical (0-deformed) 
non-commutative spacetime from canonically twisted igl{n,R) Hopf algebra. 

PACS numbers: ll.lO.Cd, 02.40.Gh, ll.30.Er, 05.30.-d 



00 

o 

O 
(N 

in . 

I. INTRODUCTION 

< 

CO ' There have been extensive efforts to understand the gravity and quantum physics in a unified viewpoint. These 
led to the developments in many new directions of research in theoretical physics and mathematics. To accommodate 
■ the quantum aspect of spacetime, spacetime non-commutativity has been studied intensively fl|, 0) S S @|- The 
^ [ majority of the research in this direction focused on two types of noncommutative spacetimes [a, 0|i i-^-i the canonical 
I noncommutative spacetime satisfying, 

~^ = (1) 

' where 9^'^ is a constant antisymmetric matrix, and the commutation relation for the K-Minkowski spacetime, 

o ■ 

[xf'^x''] = -{a'^x'' -a-'x^'), (2) 

K 



where k is a parameter of mass dimension. We call this K-non-commutativity as time-like if a'^a^ < 0, space-like if 
^ a^a^ > 0, and light-cone ^-commutation relation if a^a^ = 0. In this paper, we consider time-like noncommutativity 
(i.e. for = (1,0,0,0)). 

The quantum field theories on canonical non-commutative spacetime have many interesting features. By the Weyl- 
Moyal correspondence, the theory can be thought as a theory on commutative spacetime with Moyal product of the 
field variables Q. The theories break the classical symmetries (for example, Poincare symmetry), and may not satisfy 
unitarity, locality, and some other properties of the corresponding commutative quantum field theory depending on 
the structure of 9^" . The attempts to cure these pathologies are still under progress d, [13, [H!, [H, [13] ■ 

Extensive studies have been devoted to the quantum group theory developed in the course of constructing the 
solutions of the Quantum Yang-Baxter equations. A branch of quantum group theory, deformation theory, was led 
by Drinfeld and Jimbo [15]. Especially, Drinfeld jl4] discovered a method of finding one parameter solutions of 
the Quantum Yang-Baxter equation from simple Lie algebra g, that is, he found one parameter family of solutions of 
Hopf algebras Z^g(g) deformed from Hopf algebra of the universal enveloping algebra W(g) [l6j . 

Recently, following Oeckl [l3l, Chaichian et.al. [l^ and Wess [l^ proposed a new kind of symmetry group which 
is deformed from the classical Poincare group. Especially, Chaichian et.al. [l^] use the twist deformation of quantum 
group theory to interpret the symmetry of the canonical noncommutative field theory as twisted Poincare symmetry. 
There have been some attempts to apply the idea to the field theory with different symmetries, for example, to 
theories with the 0— Poincare symmetry (20| . conformal symmetry [2ii|.[23|. super conformal symmetry \2§\, super 
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symmetry (23. [25j. Galilean symmetry [2^, Galileo Schrodineer symmetry [l^, translational symmetry of R'^ [l3|, 
gauge symmetry [2^,[23i], difFeomorphic symmetry [s^, HH, HI], and fuzzy diffeomorphism [sl]. The virtue of these 
twists is that the irreducible representation of the twisted group does not change from that of the original untwisted 
group, and moreover, the Casimir operators remain the same. And there have been some studies in constructing 
consistent quantization formalism of field theory with this twisted symmetry group [s^ [ssl IsgI . Ist} . 

In the same reasoning, if one finds a twist that gives K-deformed commutation relation (especially time-like k- 
deformed noncommutativity) between coordinates from Poincare Hopf algebra, it would be very useful in constructing 
quantum field theory in K-deformed spacetime since we can use the irreducible representations of Poincare algebra for 
the K-noncommutative quantum field theory. There has been some attempts to obtain the K-commutation relation of 
the coordinate system, Eq. from twisting the Poincare Hopf algebra [111 , [3§| , [i^l ■ In [111, Lukierski et.al. have 
argued that one can only get a light-cone K-deformation from the Poincare Hopf algebra. Hence, as far as we know, 
there is no twist of the Poincare algebra which gives a time-like K-deformed coordinate commutation relation. 

This is our motivation to seek for the twist that gives /t-deformed commutation relation from different Hopf algebra 
which is larger than the Poincare algebra. The paper is organized as follows. In section [Hi we briefly review the Hopf 
algebra and twist deformation. We present two types of abelian twist elements, leading to the two twisted spacetime 
coordinate systems (K-deformed and 6'-deformed spacetime) in section lHll We show that affine Hopf algebra, igl{n, R), 
gives the correct commuation relation by twisting. In section IIVI we discuss some aspects of the symmetry algebra 
and K-deformed spacetime induced from twisting igl(n,R) with some physical examples. 



II. BRIEF SUMMARY OF TWISTING HOPF ALGEBRA 



For any Lie algebra g, we have a unique universal enveloping algebra l{{g) which preserves the central property 
of the Lie algebra (Lie commutator relations) in terms of unital associative algebra [41|. This W(g) becomes a Hopf 
algebra if it is endowed with a co-algebra structure. For Y G W(g), i^(g) becomes a Hopf algebra if we define 

A :W(g) ^W(g)®W(g), AY ^Yr^l + 1(E)Y, 

e{Y) = 0, S{Y) = -Y, (3) 

where AY is a coproduct of Y, e{Y) is a counit, and S{Y) is a coinverse (antipode) of Y. In other words, the set 
{^(g), •, A, e, S} constitutes a Hopf algebra. 

Y acts on the module algebra A and on the tensor algebra of A, and the action satisfies the relation (hereafter we 
use Sweedler's notation Ay = J2 ^(i) ® i^(2) [Jlj) 

y[>(</)-^) = ^(y(i)[>0)-(Y(2)[>^), (4) 

where </>,?/' G .A, the symbol ■ is a multiplication in the algebra A^ and the symbol [> denotes the action of the Lie 
generators F e [/(g) on the module algebra A. 

We have a new (twisted) Hopf algebra {ZY;r(g), •, Ajr, e^r, S'jp-} from the original {W(g), •, A, e, S'} if there exists a 
twist element J- S ZY(g) ®iY(g), which satisfies the relations 

(J^ ® 1) • (A id)J^ = (id A)T, (5) 

(e id) J' = 1 = (id e)J'. (6) 

This relations are called counital 2-cocycle condition. The relation between the two Hopf algebras, Z//jr(g) and W(g), 
is 

AjrY ^ T ■ AY ■ :F-^ , e^(y) = e(y), 
SAY) = u ■ S{Y) -u-' , u - ^^(1) • 5(^(2)). (7) 

If A is an algebra on which U{g) acts covariantly in the sense of Eq. ([U, then 

cj,*^j = - [J=-^[>{(f>(g>'tl;)], (8) 

for all (j),ip G A, defines a new associative algebra Ay^. In constructing new Hopf algebra and getting a twisted module 
algebra, Eq. ([5]) is crucial for the associativity of the twisted module algebra. 

This construction of twisted Hopf algebra has great advantages when it is applied to physical problems whose 
symmetry group and the irreducible representations are known, since we can use the same irreducible representations 
and Casimir operators in the twisted theory. 
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III. fi:-DEFORMED COMMUTATION RELATIONS FROM TWISTING igl{n,R) 

In this paper we focus on twisting the Hopf algebra of igl{n, R) as a symmetry algebra. In this section we presents 
two abelian twists which result in two non-commutative coordinate systems, Eq ([l} and Eq ([^. 
We use the commutation relation of the Lie algebra, g = igl{n, R), 



[An, M^,] = 2 {S^, ■ M\ - 5\ ■ An) 



(9) 



where can be interpreted as generators of the translation in the x^-direction and M^\, can be generators of rotations, 
dilations and contractions. 

In coordinate space, the generators are represented as 



Pa 



-idf,, An = -ix'^d^ 



(10) 



(note that generators Af^ are different from those of the Poincare algebra.) 



A. K deformed non-commutativity 

The K-deformation is generated by the twist element J-^^, 

Tk. = exp 

where 



— {E®D-D®E) 
2k, 



(11) 



(12) 



h^'^ and n'' are defined as /i^^ = (5^^ - S^qS°^, {n^') = (1, 0, 0, 0), that is,D^J2 ^^lo E = Pq. These generators {E, D) 
commute with each other. 



[E, D] = ^m'^h'^.P^ = 0. 



(13) 



Hence we confirm that JF„ is an abelian twist element. 

With this twist element Eq. (fTTjl . we twist the Hopf algebra of i2 igl{n, R)) to get Uk{^ as in sectionlTTl From 
the fact that [E ® D,D ® E] =0, we can rewrite JF^ as 



= exp 



— {E®D) 
Ik. 



exp 



'—{D®E) 
Ik 



(14) 



which greatly simplifies the calculation of co-product of twisted Hopf algebra. From the commutation relations 
we have 



\D, M%\ = lisiMY,, - 8^^h\ - h%&\ ^ (1 ® h - h ® 1)'^';,. 

From = h, we get the relation 

With the commutation relations ([9]), we obtain the explicit forms of the coproduct A(y), 

A^(P)|^, = |e'^®^/(2'')(P® l)-|-e--^/(2«)®>h(i®p)| , 

+ J_n . [eii>®£;/(2K)(p £)) _ g-B/(2K)®ihp ^ p)]|p ^ 
2k 



(15) 



(16) 



(17) 
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°° ('Ad/?y 

In this calculation, we use the well-known operator relation, Ade^C = \^ ; — 

n! 

n=0 

the relation 

^ g2fe(-B®-D--D®-E)^|-y-)g-2ir(B®£'-r>®B) 

= Ade^f^^^^Ade^^^^^^H^" 1) + Ade^^(^«^)Ade*(^®^)(l ® y). 
Note that, from = h and Jl^ = $7, we have relations 



■C, with (AdB)C = [B,C], and 



gh®iJ/(2.) ^ 1 ^ 1 + h ® (e^/2« - l) 



(18) 

(19) 
(20) 

The algebra acts on the spacetime coordinates x'^ with commutative multiplication: 

m{f{x)^g{x)):^f{x)g{x). (21) 

When twisting U{V), one has to redefine the multiplication as in Eq. ([5]), while retaining the action of the generators 
of the Hopf algebra on the coordinates as in PH)) : 







\ , fE\ 1 


{2k) 


+ r2^ ® 


cosh — — 1 









m^{f{x) (g) 5(2;)) f{x) * g{x) = m ^(/(x) g) g(x))] 



It is represented as: 



exp 



i ^ d d 
2k dxo dyk 



._d d_ 

dxk dyo 



f{x)g{y) 



(22) 



(23) 



x=y 



Since Pa — —ida in this representation, the commutation relations between spacetime coordinates are deduced 
from this *— product: 



x'^ * X 



0, 



(24) 



which corresponds to those of the time-like K-deformed spacetime. 

The case of the tachyonic (a^a^ = 1) and light-cone (a^a^ — —1) K-deformation is obtained in Lukierski et.al.'s 
work [3^. It should be noted that the twisted Hopf algebra in this section is different from that of the conventional 
K-Minkowski algebra, which is a deformed Poincare algebra, in that it has different co-algebra structure from a bigger 
symmetry. 



B. S-deformed non-commutativity 



Since afhne algebra contains Poincare algebra, there is also a twist which has same form as that of the canonical 
non-commutativity case [l8l | . We use the same twist element given by 



Tg = exp ( -0"^P„ ® 



(25) 



This twist element satisfies the 2-cocycle condition, Eq.®. Following the same procedures as in subsection (|III A[) 
we get the twisted Hopf algebra given by the coproducts. 



AeiP^.) = P^®1 + 1®P^, 



(26) 
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Here also note that generators M^^ are different from those of the Poincare algebra. 
Similarly as in the K-deformed case, we have used 



= Adcxp (^-e^Pp^ ® Pf^ A(y), 



and 



[Ad(P„ ® P^)]" (Mt ® 1) 
[Ad(P„ ® P^)]" (1 ® Mt) 



-i5\-5^'f^{P^®P,), 



(27) 



(28) 



for n > 1. 

When (t),'ip € Ae are the functions of the same spacetime coordinate a;^, the product * becomes the well known 
Moyal product. Since Pq = ~ida in this representation, the commutation relations between spacetime coordinates 
are 



exp Qr^a„ ® O (a;^ ® x") 



which leads to the commutation relation 



(29) 



(30) 



This is the same commutation relation of coordinates as those in the canonical noncommutative spacetime. This 
twist is different from the conventional twist [l^, in that the relevant group is different. The twist in the work 
of Wess[19] and Chaichian, et al.[l^ is that of the Poincare Hopf algebra. Since we use bigger symmetry algebra, 
igl{n,R), than the Poincare algebra, iso(n,R), only antisymmetric part of our twisted coproduct of generators AP^ 
corresponds to those of [l^ and . We have more components (coproducts of the symmetric part of the generators 
iVP^) in the coproduct sector. 



IV. DISCUSSION 



In this paper we obtained time- like K-deformed commutation relation by twisting the Hopf algebra of igl{n, R) not 
by twisting the Poincare Hopf algebra. To understand why it is difficult to obtain time-like /t-deformcd commutation 
relation by twisting the Poincare Hopf algebra, U{V), it is instuctive to try a element J- G W(P) <S) ^(P) as a twist 
element. 

For = 1 + r + 0(r2), r ^ ri (g) r2 for aU ri,r2 G UiV) 

x^^a;"^ = -[T^ix^' (g>x'')] 

= x" ■ x"" + nix") ■ r2{x'') + ■ ■ ■ (31) 

From the action of ri,r2 = {Pp, L^v), where Pp —idp, —i{xp,di, — x^d^), to the coordinates, we infer the 

ansatz of the classical r-matrix in order to obtain the first order relation of the K-deformed commutation relation, 
Eq. as 



r = rP^^-Pp A ip„ (32) 

where r^'^^ is a constant. 

In order to this element J-" to be a twist, the above classical r-matrix have to satisfy 'classical Yang-Baxter equation', 
i.e. the relation. 



[[r,r]]=0 (33) 

Actually one can show that the above form of classical r-matrix in Eq. (|5^ cannot satisfy classical Yang-Baxter 
equation, in general, except in a very special combination of Pp, Ppi/, i.e. [Pp, L^^n] = 0, which is the crucial condition 
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for the twist to satisfy a 2-cocycle condition. For that special case, Lukierski and Woronowicz give the 'abehan' twist 
element from classical r-matrix [39|]. Although there have been many studies on field theories in the K-Minkowski 
spacetime, the attempts to twist the Poincare group to get the K-deformed coordinate spacetime have succeeded only 
in the light-cone K-deformation [sl], [39| . 

Hence, in order to obtain a twist which gives time-like K-deformation we need a bigger symmetry algebra than the 
Poincare algebra. We have obtain the K-deformed non-commutativity at the cost of bigger symmetry. Our choice 
is the Hopf algebra of affine group IGL{n,R) and we have successfully twisted I4{igl{n, R)) in two different ways 
corresponding to the K-deformed and the 0-deformed non-commutativity. 

Incidentally, since there are two abelian subalgebras in igl(n, R), we derive two the non-commutativity corresponding 
to the K-deformed and the 0-deformed case in section Hill Is there a twist which transform the 0-noncommutativity 
to the K-noncommutativity? Since the inverses of J-g and J-,^ also satisfy the counital 2-cocycle condition, we may 
think of the maps J-o o T^~^ and T^^ o Te~^ as mapping between the two different non-commutative spaces as shown 
in the following figure: 




However, they (Tq o Ti^~ and JF„ o ) do not satisfy the counital 2-cocycle condition in general. Hence the 

composition map of them can not be a twist. We can not regard this relation between the two twists as a kind of 
symmetry (while it can be a kind of symmetry in the context of quasi-Hopf algebra). 

The algebra igl{n, R) we twisted in this paper can be interpreted as a physical symmetry algebra in two ways. 

One interpretation is to regard the GL{A) as the generalization of 0(1, 3) [i^, |4^I3|. In those works, they consider 
the generalization of the Einstein-Hilbert action. That is, from the theory of the local symmetry group 

Dtff{M)x 0(1,3), (34) 

to the theory of local symmetry group 

DtffiM) X Gi(4). (35) 

The present method will be useful when these kinds of non-commutativity are applied to those theories with transla- 
tional symmetry. 

Another possible interpretation is to regard igl{n, R) as the algebra of a subgroup of diffeomorphism group. Since 
the Minkowski spacetime is a solution of Einstein-Hilbert action, we obtain by twist the K-Minkowski spacetime and 
the canonical non-commutative spacetime using J-^. and Tg, respectively. We may summarize this relations as 

local symmetry group i2 Diff{M) x 0(1,3) 

i2 ... X (GL(4,i?) X 0(1,3)) K T. (36) 

In this sense, we are in the same direction as in the work of Aschieri et.al. [3ll [3^ . From the above relation, we 
realize that the canonical twist in this interpretation has different origin from the twists in earlier studies p^.p^. 
We twist the subgroup of the DijJ(M), while in earlier studies (for example, Chaichian et.al. [l^) one twists the Hopf 
algebra, o(l,3), i.e., the algebra of the Poincare group, 

P i:2 0(1,3) K T, (37) 

or more general symmetry group (for example, conformal symmetry by Matlock (2]| . etc). The twisted K-deformation 
gives the same coordinate non-commutativity, but is distinguished from the K-deformed Minkowski algebra in that 
the co-algebra structures are different. 

The blackholes in K-deformed spacetime can be regarded as an example of the application of the result of this paper. 
Since field theories in K-deformed spacetime are the same as field theories with a K-moyal product as in Ea. (|23p in 
commutative spacetime, the deformed Einstein equations will be the ones in which the products between the metric 
and its derivatives are changed to the K-moyal product. Among the solutions of the Einstein equations in commutative 



7 



spacetime, a static solution is also a solution in a K-deformed spacetime. The Einstein eqations are turned into the 
form: 

RM^))^^ ^ RlA9{x)) = Q. (38) 

Since a static solution of the left hand side of Eq. (j38p has no time dependence, K-moyal products in the right hand 
side are the same as normal products between them, it would automatically satisfy the deformed Einstein equations. 
The K-deformed spacetime here denotes the module space of the twist induced algebra. It should be distinguished 
from the K-deformed spacetime which is a module space of the well-known K-deformed algebra. 

Though a static solution is also a solution in K-deformed spacetime, it has different dynamics. The time dependance 
changes the dynamics through K-moyal products. That is, the perturbation equation of the static solution will be 
different: 

5Rl^{g{x)) = Q ^ 5R^,ig{x))^0. (39) 

Hence to tell the stability of the static solution in K-deformed spacetime, careful analysis of the deformed perturba- 
tion equation Eq. (|39p is expected. The stability analysis of these static solutions in K-deformed spacetime is under 
investigation. 
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